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Abstract 

We consider nonnegative solutions of a parabolic equation in a 
cylinder D x I, where D is a noncompact domain of a Riemannian 
manifold and I = (0, T) with 0<T<ooor/ = (— oo,0). Under 
the assumption [SSP] (i.e., the constant function 1 is a semismall 
perturbation of the associated elliptic operator on D), we establish 
an integral representation theorem of nonnegative solutions: In the 
case I = (0,T), any nonnegative solution is represented uniquely by 
an integral on (D x {0}) U (8m D x [0, T)), where 8m D is the Martin 
boundary of D for the elliptic operator; and in the case I = (— oo, 0), 
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any nonnegative solution is represented uniquely by the sum of an 
integral on &m D x (— oo,0) and a constant multiple of a particular 
solution. We also show that [SSP] implies the condition [SIU] (i.e., 
the associated heat kernel is semi- intrinsically ultracontractive) . 

1 Introduction 

This paper is a continuation of [34]. It is concerned with integral repre- 
sentations of nonnegative solutions to parabolic equations and perturbation 
theory for elliptic operators. 

We consider nonnegative solutions of a parabolic equation 

(d t + L)u = in D X I, (1.1) 

where d% = d/dt, L is a second order elliptic operator on a noncompact 
domain D of a Riemannian manifold M, and I is a time interval: / = (0, T) 
with 0<T<ooor/ = (— oo, 0). 

During the last few decades, much attention has been paid to the struc- 
ture of all nonnegative solutions to a parabolic equation, perturbation theory 
for elliptic operators, and their relations. (See [1], [2], [4], [5], [6], [11], [14], 
[17], [19], [20], [22], [25], [26], [27], [28], [29], [30], [31], [32], [33], [34], [36], [37], 
[38], [40], [41], [42].) Among others, Murata [34] has established integral rep- 
resentation theorems of nonnegative solutions to the equation fll.il) under the 
condition [IU] (i.e., intrinsic ultracontractivity) on the minimal fundamental 
solution p(x, y, t) for (jl.ip . Furthermore, he has shown that [IU] implies [SP] 
(i.e., the constant function 1 is a small perturbation of L on D). It is known 
( [30]) that [SP] implies [SSP] (i.e., 1 is a semismall perturbation of L on D). 

In this paper, we show that [SSP] implies [SIU] (i.e., semi-intrinsic ul- 
tracontractivity) and give integral representation theorems of nonnegative 
solutions to (11.11) under the condition [SSP]. We consider that [SSP] is one of 
the weakest possible condition for getting "explicit" integral representation 
theorems. 

Now, in order to state our main results, we fix notations and recall several 
notions and facts. Let M be a connected separable n- dimensional smooth 
manifold with Riemannian metric of class C°. Denote by v the Riemannian 
measure on M. T X M and TM denote the tangent space to M at x G M and 
the tangent bundle, respectively. We denote by End(T x M) and End(TM) 
the set of endmorphisms in T X M and the corresponding bundle, respectively. 
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The inner product on TM is denoted by (X, Y) , where X, Y G TM; and 
\X\ = {X.X) 1 ' 2 . The diver gence and gradient with respect to the metric on 
M are denoted by div and V, respectively. Let D be a noncompact domain 
of M. Let L be an elliptic differential operator on D of the form 

Lu = -m' 1 div (mAVu) + Vu, (1.2) 

where m is a positive measurable function on D such that m and m~ l are 
bounded on any compact subset of D, A is a symmetric measurable section 
on D of End(TM), and V is a real- valued measurable function on D such 
that 

Tl 

V G L\ 0C (D, mdv) for some p > max( — , 1). 

Here Lf oc (D , mdv) is the set of real-valued functions on D locally p-th inte- 
grable with respect to mdv. We assume that L is locally uniformly elliptic 
on D, i.e., for any compact set K in D there exists a positive constant A such 
that 

Mi? < (A x £,0 < A- 1 !^ 2 , xeK, (x,0 G TM. 
We assume that the quadratic form Q on C^°(D) defined by 

Q[u]= / ((AVu, Vu) + Vu 2 )mdv 
Jd 

is bounded from below, and put 

A = inf |q[u];w G C^{D), J u 2 mdv = lj . 

Then, for any a < X , (L — a, D) is subcritical, i.e., there exists the (minimal 
positive) Green function of L — a on D. We denote by the selfadjoint 
operator in L 2 (D;mdv) associated with the closure of Q. The minimal fun- 
damental solution for (11.11) is denoted by p(x,y,t), which is equal to the 
integral kernel of the semigroup e~ tL ° on L 2 (D,mdv). 
Let us recall several notions related to [SSP]. 

[IU] Ao is an eigenvalue of L^; and there exists, for any t > 0, a constant 
C t > such that 

P(x, y, t) < C t (p (x)(pa(y)i x,y e D, 
where 4>q is the normalized positive eigenfunction for Aq. 
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This notion was introduced by Davies-Simon [13], and investigated exten- 
sively because of its important consequences (see [7], [8], [9], [10], [12], [23], 
[24], [31], [34], [42], and references therein). It looks, on the surface, not 
related to perturbation theory. But it has turned out ( [34]) that [IU] implies 
the following condition [SP] for any a < X . 

[SP] The constant function 1 is a small perturbation of L — a on D, i.e., for 
any e > there exists a compact subset K of D such that 

/ G(x, z)G(z,y)m(z)dv(z) < eG(x,y), x,y&D\K, 
Jd\k 

where G is the Green function of L — a on D. 

This condition is a special case of the notion introduced by Pinchover [37]. 
Recall that [SP] implies the following condition [SSP] (see [30]). 

[SSP] The constant function 1 is a semismall perturbation of L — a on D, 
i.e., for any e > there exists a compact subset K of D such that 

f G(x ,z)G(z,y)m(z)du(z) < eG(x°,y), yeD\K, 
Jd\k 

where x° is a fixed reference point in D. 

This condition [SSP] implies that Ld admits a complete orthonormal base 
of eigenfunctions {0j}°5L o with eigenvalues Ao < Ai < A2 < • • • repeated 
according to multiplicity; furthermore, for any j = 1, 2, • • • , the function 
4>j/4>o h &s a continuous extension [4>j/4>o] up to the Martin boundary 8mD 
of D for L — a (see Theorem 6.3 of [38]). 

We show in this paper that [SSP] also implies the following condition 
[SIU]. 

[SIU] A is an eigenvalue of L D ; and there exist, for any t > and compact 
subset K of D, positive constants A and B such that 

A M x )Mv) < p( x > y,t) <b (f) (x)(f) (y), xe k, y go. 

This notion was introduced by Banuelos-Davis [9], where they called it one 
half IU. Here we should recall that [IU] implies that for any t > there exists 
a constant c t > such that 

c t (f) (x)(f) (y) <p(x,y,t), x,yeD. 
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We see that the same argument as in the proof of Theorem 3.1 in [25] (or 
the argument in the proof of Theorem 1.2 below) shows that [SIU] implies 
the following condition [NUP] (i.e., non- uniqueness for the positive Cauchy 
problem) . 

[NUP] The Cauchy problem 



admits a solution u with u(x,t) > in D x (0,T). 

We say that [UP] holds for (11.31) when any nonnegative solution of (II. 3p is 
identically zero. We note that [UP] implies that the constant function 1 is a 
"big" perturbation of L — a on D in some sense (see Theorem 2.1 of [32]). 

Fix a < X , and suppose that [SSP] holds. Let D* = D U 8mD be the 
Martin compactification of D for L — a, which is a compact metric space. 
Denote by d m D the minimal Martin boundary of D for L — a, which is a 
Borel subset of the Martin boundary 8m D of D for L — a. Here, we note 
that 8mD and d m D are independent of a in the following sense: if [SSP] 
holds, then for any b < Xq there is a homeomorphism $ from the Martin 
compactification of D for L — a onto that for L — b such that $|d = identity, 
and $ maps the Martin boundary and minimal Martin boundary of D for 
L — a onto those for L — b, respectively (see Theorem 1.4 of [30]). 

Now, we are ready to state our main results. In the following theorems 
we assume that [SSP] holds for some fixed a < X . 

Theorem 1.1 The condition [SSP] implies [SIU]. 

Theorem 1.2 Assume [SSP]. Then, for any £ e Dm D there exists the limit 



Here, as functions of (x, t), {p(x, y, t)/<f>o(y)} y converges to q(x, £,t) as y — > £ 
uniformly on any compact subset of D x R. Furthermore, q(x,£,t) is a 
continuous function onDx OmD x R such that 



(d t + L)u = in Dx (0,T) 



u(x, 0) = on D 



(1.3) 




x e D, teR. 



(1.4) 



q > on D x d M D x (0, oo), 



(1.5) 



q = on D x <9a/D x (— oo, 0], 
(dt + L)q(;£,-) = Q on DxR. 



(1.6) 
(1.7) 
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Theorem 1.3 Assume [SSP]. Consider the equation (11.10 for / = (0,T) 
with < T < oo. Then, for any nonnegative solution u of (II. ip there exists 
a unique pair of Borel measures [i on D and A on 8mD x [0, T) such that A 
is supported by the set d m D x [0, T), and 

u(x,t) = / p(x,y,t)d/j,(y)+ / q(x, £, t - s)d\(£, s) (1.8) 

Jd Jd M Dx[o,t) 

for any (x, t) & D x I. 

Conversely, for any Borel measures /1011D and A on Dm D x [0,T) such 
that A is supported by d m D x [0, T) and 

/ p(x°,y,t)dn(y) < oo, < t < T, (1.9) 
Jd 

/ g(x°,£,t-s)dA(£,s) < oo, 0<t<T, (1.10) 

Jd M Dx[0,t) 

where x° is a fixed point in D, the right hand side of (11.81) is a nonnegative 
solution of (PUJ for 7 = (0, T) with < T < oo. 

The proof of this theorem will be given in Sections 4 and 5. It is based 
upon the abstract integral representation theorem established in [34], without 
assuming [IU], via a parabolic Martin representation theorem and Choquet's 
theorem (see [18], [21], [35]). Its key step is to identify the parabolic Martin 
boundary. 

This theorem is an improvement of Theorem 1.2 of [34]; where the con- 
dition [IU], which is more stringent than [SSP], is assumed. It is also an 
answer to a problem raised in Remark 4.13 of [34]. Note that (jl.8p gives 
explicit integral representations of nonnegative solutions to (11.11) provided 
that the Martin boundary 8m D of D for L — a is determined explicitly. We 
consider that [SSP] is one of the weakest possible condition for getting such 
explicit integral representations. 

Let us recall that when [UP] hods for (11.31) . the structure of all non- 
negative solutions to (II. ip for / = (0, T) is extremely simple. Namely, the 
following theorem holds (see [5]). 

Fact AT Assume [UP]. Then, for any nonnegative solution u of (11.11) with 
/ = (0, T), there exists a unique Borel measure /ionD such that 

u(x,t) = p(x,y,t)d/i(y), (x,t)eDxI. (1.11) 
Jd 
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Conversely, for any Borel measure /i on D satisfying (II. 9p . the right hand 
side of (11.111) is a nonnegative solution of (11.11) with / = (0,T). 

It is quite interesting that when [UP] holds, the elliptic Martin boundary 
disappears in the parabolic representation theorem; while it enters in many 
cases of [NUP]. 

Finally, we state an integral representation theorem for the case / = 
(-oo,0). 

Theorem 1.4 Assume [SSP]. Consider the equation (11.11) for / = (— oo, 0). 
Then, for any nonnegative solution u of fll.lj) there exists a unique pair of a 
nonnegative constant a and a Borel measure A on d^D x (— oo, 0) supported 
by the set d m D x (— oo, 0) such that 

u(x,t) = ae- Xot 4> (x) + / q(x, f, t - s)d\(£, s) (1.12) 

J d M Dx(-oo,t) 

for any (x,t) G D x (— oo, 0). 

Conversely, for any nonnegative constant a and a Borel measure A on 
8mD x (— oo, 0) such that it is supported by d m D x (— oo, 0) and 

/ q(x°,£,t- s)d\(£,s) < oo, -oo<t<0, (1.13) 

Jd M Dx(-oo,t) 

the right hand side of (11.121) is a nonnegative solution of (11.11) . 

This theorem is an improvement of Theorem 6.1 of [34], where [IU] is 
assumed instead of [SSP]. 

Here, in order to illustrate a scope of Theorems 11.31 and 11.41 we give a 
simple example. Further examples will be given in Section 7. 

Example 1.5 Let D be a domain in R 2 with finite area. Then, by Theorem 
6.1 of [33], the constant function 1 is a small perturbation of L = —A on D. 
Thus Theorems 11.31 and 11.41 hold true for the heat equation 

(d t - A)u = in D x I. 

Note that there exist many bounded planar domains for which the heat 
semigroup is not intrinsically ultracontractive (see Example 1 of [13] and 
Section 4 of [9]). Thus, the last assertion of this example is new for such 
domains. 
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The remainder of this paper is organized as follows. In Section 2 we prove 
Theorem 11.11 and Theorem 11.21 is proved in Section 3. Sections 4 and 5 are 
devoted to the proof of Theorem 11.31 In Section 4 we show it in the case of 
I = (0, oo). In Section 5 we show it in the case of I = (0, T) with < T < oo 
by making use of results to be given in Section 4. Theorem 11.41 is proved 
in Section 6. Finally we shall give two more concrete examples in Section 7 
with emphasis on sharpness of concrete sufficient conditions of [SSP]. 



2 [SSP] implies [SIU] 



In this section we prove Theorem 11.11 

Proof of Theorem 11.11 We may and shall assume that a = < Xq. Let 
G be the Green function of L on D. For any t > 0, put 



G t (x,y) = j p(x,y,s)ds, 
G l (x,y) = / p(x,y,s)ds. 



o 



Then G = Gt + G". Let us show that for any t > and any compact subset 
K of D there exists a constant A > such that 

A<f> {x)<f) {y) < p{x,y,t), x e K, y E D. (2.1) 

Fix a compact subset K. We may assume that x° G K. Let K\ C D be 
a compact neighborhood of K. Then the same argument as in the proof of 
Theorem 1.5 of [30] shows that 

C- l G(x°,z) <<Pq(z) <CG(x Q ,z), zeD\K u (2.2) 

for some constant C > 0. Fix t > 0, and put 

By [SSP] and (12. 2p . there exits a compact subset K 2 D K\ such that 

/ M*) G(z, y) dfi(z) < e t o (y), V G D \ K 2 , (2.3) 

JD\K 2 
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where dfi(z) = m(z) du(z). Since 

My) 

A 



G(y,z) <j) (z) dji(z) 



D 



and G(y, z) = G(z,y), (Q yields 

My) 



A 



JK 2 



< / G t (z,y)M z ) d K z ) + / G (z,y)M z ) d K z ) 



K 2 



(2.4) 



for any y £ D \ K 2 . By Fubini's theorem, 



G t {z,y) M z ) d K z ) 



D 



Thus 



ds / p(z,y,s)M z ) d K z ) 
Jd 

e- x " s My) ds 



^e-^Mv)- 

^0 



1 



K 2 



G t {z,y)<p {z)d^{z) < - e - Xot Mv)- 



This together with (12.41) implies 



e t Mv) < / G (z,y)4> (z)dn(z). 

>K 2 



(2.5) 



Choose a compact subset -K" 3 whose interior includes K 2 . By the parabolic 
Harnack inequality, there exists a constant C\ depending on t, K 2 , K 3 such 
that 

P(z,y,s) < dp(x,y,2t), 
for any i,z£ fr 2 , y G D \ K 3 , and < s < t. We have 



G*(*,y) 



p(z,y,s)ds 



< C x tp{x ,y,2t), zeK 2 , yeD\K 3 



(2.6) 



Thus 



G*(z,y) 0o(z) rf/i(z) < 



A' 2 



Cit / 4>o(z) dz 

K 2 



p{x°,y, 2t). 



9 



This together with (12.51) implies 

Mv) < C 2 p{x°,y,2t), yeD\K 3 , (2.7) 

where ^ 

C 2 = — C\t / 4> (z)dfi(z). 



e t Jk 2 
By the parabolic Harnack inequality, 

p(x°,y,2t) <Cp(x,y,3t), xeK,yeD, 

for some constant C > 0. This together with (12. 7p yields the desired inequal- 
ity (12.11) . It remains to show that for any t > and a compact subset K of 
D there exists a constant B such that 

p(x, y,t) < B <fo(x) Mv), xeK,yeD. (2.8) 

Fix a compact subset K. We may assume that x° e K. Let K x C D be 
a compact neighborhood of i^. By the parabolic Harnack inequality there 
exists a constant c > such that 

cp(x°, y, t) < p(z, y, 2t), ze K u y E D. 

Thus, for any y G D, 

e~ 2tXo My) = l Mz)v{z,y,2t)diJi{z) 

JD 

> / M z )p( z ,v, 2t ) d K z ) 



A'i 



> C 



M z )dv(z) 



A', 



p(x°,y,t). 



This implies (12.81) . since 

Cp(x°,y,t) >p(x,y,t/2), x E K, y e D, 

for some constant C > 0. (We should note that in proving (12. 8p we have 
only used the consequence of [SSP] that O is a positive eigenfunction.) □ 

Remark 2.1 It is an open problem whether [SIU] implies [SSP] or not. Fur- 
thermore, the problem whether [SSP] implies [SP] or not in the case n > 1 
is still open. 
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3 Parabolic Martin kernels 



In this section we prove Theorem 11.21 Throughout the present section we 
assume [SSP]. We may and shall assume that a = < Aq. Let G be the 
Green function of L on D. For any < 5 < t, put 



p(x,y,s) ds. 



(3.1) 



We denote by d^D the Martin boundary of D for L. In order to prove 
Theorem 11.21 we need two lemmas. 

Lemma 3.1 Let £ G OmD. Suppose that a sequence {y n }^=i C -D converges 
to £, and there exists the limit 



«^°° </>o(y n ) 



w(z, t), z G D. 



Then 



lim 

n— too 



D 



G(z,z) - d/i(z) 



z) 10(2;, t) dfi(z) 



(3.2) 



(3.3) 



1? 



for any x E D, where dfi(z) = m(z)dv(z). 

Proof Fix x G D. Let K\ C -D be a compact neighborhood of 2. By [SSP], 
there exists a constant C > such that 



c-'Mv) <G(x, y ) < CMv), yeD\K x . 

Let e > 0. Then there exists a compact subset K D K\ such that 

G(x,z)£^d/i(z)<^, 
G(x,y) 3C 



(3.4) 



Thus, for n sufficiently large 

G\(z : y n 



G(x, z) 



D\K 



MVn) 



dfj,(z) < 



G(x, z) 



D\K 



CG{z,y n ) 
G(x,y n ) 



dfi(z) 



< 



11 



By Fatou's lemma, 



G(x, z) w(z,t) d[i(z) < 



D\K 



By Theorem II .![ there exist constants A\ and A 2 such that 

A 1 (f) (x)(f) (y) < p(x, y, 5) < A 2 o (x)0 o (l/), x G K, y £ D. 
Then, for any t > S, the semigroup property yields 

A, e- Xo W Mx)Mv) < P(x, y, t) < A 2 e~ Xo ^ M^Hv) (3-5) 
for any x G K, y G D. Thus there exists a constant B > such that for any 

G\{z,y r , 



n 



4>o(Vr. 



<B(j) (z), zeK. 



Then Lebesgue's dominated convergence theorem yields 



lim 



G(x, z) 



K 



dfi(z) 



G(x, z) w(z, t) dfi(z). 



K 



Therefore, for n sufficiently large, 

Gl(z,y n 



[ G(x,z) 
Jd 



dfx(z) — / G(x, z) w(z,t) dfi(z) 



D 



< e. 



This shows fl 3 . 3 p . □ 

By Lemma 6.1 of [38], it follows from [SSP] that there exists the limit 



lim ( ^nr = h & *), & z) G d M D x D, 



(3.6) 



and h is a positive continuous function on Dm D x D. From this we show the 
following lemma. 



Lemma 3.2 Under the same assumptions as in Lemma 13 .![ one has 

Id 9o\Vn) 
G(x, z) w(z,t) dfi(z) (3.7) 



h(£, z) Gg(z, x) dfi(z) 



D 



lim 

n— >oo 



D 



for any x G D. 
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Proof Fix x G D. Let K\ C D be a compact neighborhood of x. By 
Theorem 11.11 (13. 4p and (13. 5p . there exists a constant C\ > such that 

C x G{z,x) < G\{z,x) < G(z,x), zeD\K x . 

Let e > 0. By [SSP], there exists a compact subset K D i^i such that 



/ 


' G(y n , z) ' 


1 D\K 





G l 5 {z, x) dfi(z) < -, 



for n sufficiently large. By Fatou's lemma, 



h{£,z) G t s (z,x)dfi(z) < 

D\K 

On the other hand, for any sufficiently large n 

G(y n , z) 



(3.8) 



(3.9) 



MVn) 



G t s (z,x)<C 2 , zeK, 



where C*2 is a positive constant. By Lebesgue's dominated convergence the- 
orem, 



lim 



G{y n ,zj , 



K 



G s (z } x) d/j,(z) 



h(C,z)G t s (z,x)dfx(z). (3.10) 



K 



Combining ( 13. 8h . ( 13. 9f) and ( 13.101) . we get the first equality. It remains to 
show the second equality of ( 13. 7L By Fubini's theorem and the symmetry 



P(x,y,t) = p(y,x,t), 



we have 



G(y n ,z) G l s (z,x) djj,{z) 



D 



dr 



dsp(y n ,x,r + s) 



G{x,z) Gs(z,y n ) dn(z). 



D 

This together with Lemma 13.11 implies the second equality. □ 

Proof of Theorem 1.2 Let {yj}JL\ C D be any sequence converging to 
f G d M D. Put 

uAx,t) = p ( X, y j,t > fort>0, Uj(x,t) = fort<0. (3.11) 
MVj) 
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Since [SIU] holds, it follows from the parabolic Harnack inequality and local 
a priori estimates for nonnegative solutions to parabolic equations (see [6] 
and [16]) that there exists a subsequence {v,j k }^j =1 such that Uj k converges, 
as k — > oo, uniformly on any compact subset of D x R to a solution u of the 
equation 

(d t + L) u = in L> x R 

satisfying u > on D x (0, oo) and u = on D x (— oo, 0]. Thus, in order to 
prove Theorem 1 1.2 1 it suffices to show that the limit function u is independent 
of {yj k }kLi and uniquely determined by £. Let {yj}™ = i and {y'^^Li be two 
sequences in D converging to £. Define by (13. lip , and by (13.111) with 
?/j replaced by j/j. Suppose that {uj} ! ^ =1 and {w^^j converge to u and u', 
respectively. For any t > 5 > 0, put 

w(z,t)= / u(z,s)ds, w'(z,t) = / u(z,s)ds. 

J 6 J 8 



Then we have 

( 



r G s( z iVn) i ,n r G\{z,y' r ^) 
hm " — — = tt7(z, t), hm — iL - — ^- = w [z, t). 



n— >oo 



By Lemma [3.21 



G(x, z) w(z,t) d[i(z) = / h(£, z) G^z, x) dfx(z) 

L> J D 

G(x, z) w'(z, t) dfi(z). 



D 



Thus w(x,t) = w'(x,t), which implies u(x,t) = u'(x,t). This completes the 
proof of Theorem 11.21 □ 



4 Integral representations; the case / = (0, oo) 

In this section we prove Theorem 11.31 in the case T = oo. 

We first state an abstract integral representation theorem which holds 
without [SSP]. For x € D and r > 0, we denote by B(x,r) the geodesic 
ball in the Riemannian manifold M with center x and radius r. Let x° be a 
reference point in D. Choose a nonnegative continuous function oonD such 
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that a(x) = 1 on B(x°,r°) and a(x) = outside B(x°,2r°) for some r° > 
with B(x°, 3r°) <s D. Choose a nonnegative continuous function b on R such 
that < b(t) < e ft on (1, oo) for some 7 < Ao, and b(t) = on (— 00, 1]. 
Denote by (3 the measure defined by dj3(x,t) = a(x)b{t)m(x) dv(x)dt. For 
any nonnegative measurable function u on Q = D x (0, 00), we write 

P(u) = JJ u(x,t)d@(x,t). 

Denote by P(Q) the set of all nonnegative solutions of (11. ip with / = (0, 00), 
and put 

Pp(Q) = {u E P(Q); (3{u)< 00}. 

Note that for any u G P{Q) there exists a function b as above such that 
(3{u) < 00; thus P{Q) = UpPpiQ)- Furthermore, the parabolic Harnack 
inequality shows that if (3{u) = 0, then u = 0. Now, let us define the (3- 
Martin boundary d^Q of Q with respect to d t + L along the line given in [21] 
and [18]. Put 

p(x, t; y, s) = p(x, y,t-s), t > s, x,y G D, 
p(x,t;y,s) = 0, t< s, x,y G D. 

Define the /3-Martin kernel Kp by 

Kp(x, t; y, s) = ^f) - - S \ (x,t), (y,s) G Q, 

where (3 (p( ■; y, s)) = Jf Q p(z,r;y,s)dj3(z,r). Note that (3 (p( ■; y, s)) < 00 
for any (y, s) G Q, since < b(t) < e 7 * on (1, 00) for some 7 < A . Let 
{Dj}'jL 1 be an exhaustion of D such that each Dj is a domain with smooth 
boundary, Dj m D j+1 m D } \Jf =1 Dj = D, and B(x°,3r°) m D x . Put 
Qj = Do x For Y = (y,s), Z = (z,r) G Q, let 

W Z ) = Z^ 2 SU P 1 1 \K <Y-V\ K TV- 7\V 

Then we see that Sp is a metric on Q, and the topology on Q induced by Sp is 
equivalent to the original topology of Q. Denote by Q 13 * the completion of Q 
with respect to the metric 5 p. Put d^Q = Q^*\Q. A sequence {Y k }^ =1 in Q 



15 



is called a fundamental sequence if {Y k }^ =1 has no point of accumulation in 
Q and {K@( ■ ; Y k ) converges uniformly on any compact subset of Q to a 
nonnegative solution of (11. ip with / = (0, oo). By the local a priori estimates 
for solutions of (jl.ip . for any 5 G <?f f Q there exist a unique nonnegative 
solution Kp{ - ;S) of (jl.ip and a fundamental sequence {F fc }^ =1 in Q such 



that 

A _■ \Ka(X;Y k ) - K P (X;E)\ 

SS. g 21 l + |A>(X;^)-/^;5)l = °' 

Thus the metric dp is canonically extended to Q^*. Furthermore, Q 13 * be- 
comes a compact metric space, since by the parabolic Harnack inequality, 
any sequence {Y k }'^L 1 with no point of accumulation in Q has a fundamental 
subsequence. We call Kp{ ■ ; 5), and Q 13 * the /5-Martin kernel, /9-Martin 
boundary and /5-Martin compactification for (Q, d t +L), respectively. Note 
that (3 {Kp( ■ ; H)) < 1 by Fatou's lemma; and so f^g( • ; H) G Pp(Q). A non- 
negative solution it G PpiQ) is said to be minimal if for any nonnegative 
solution v < u there exists a nonnegative constant C such that t> = Cu. Put 

<9£Q = {HG ^Q; K p { • ; S) is minimal and /3 (i^( • ; H)) = l} , 

which we call the minimal /3-Martin boundary for (Q, dt + L). 

Observe that D x [0, oo) is embedded into Q 13 *, and D x {0} C d%Q. 
Indeed, with y G D fixed, for any sequence {F^}^ in Q with \im k ^ QO Y k = 
(y, 0) we have lim^oo Kp{x, t; Y k ) = p(x, t; y, 0)/(3 (p( • ; y, 0)) ; furthermore, 
K#( ■ ; 0) 7^ i^/3( ■ ; z, 0) if y ^ z. We also note that any sequence {Y k = 
(y k , s k )}°° =1 in Q with lim^oo s k = oo is a fundamental sequence, since 
limfc^oo Kp( ■ ; Y k ) = 0. We denote by w the point in d^Q corresponding to 
the Martin kernel which is identically zero : Kp{ • ; w) =0. Put 

CiQ = dlQ \ (D x {0} U M) . 

We obtain the following abstract integral representation theorem in the 
same way as in the proof of Theorem 2.1 and Lemma 2.2 of [34]. 

Theorem 4.1 For any u G Pp(Q), there exists a unique pair of finite Borel 
measures k on D and A on d^Q \ (D x {0}) such that A is supported by the 
set C^Qi 

«0M)= / «ff V ^L d <y)+ L K,(x,t;E)d\(E) (4.1) 
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for any (x,t) G Q, and 

P(u)=k(D) + \{J(*Q). 



(4.2) 



Furthermore, the function 

v(x,t) =u{x,t) - —— ^dKiy) 

is a nonnegative solution of the equation 

(d t + L)v = in D xR 

such that v = on D x (— oo, 0]. 

Conversely, for any finite Borel measures k on J DandAon9f f Q\( J Dx{0}) 
such that A is supported by the set C^Q, the right hand side of (14. ip belongs 
to I'aO). 

We put 

P${Q) = |« e P /3 (g); limt;(x,t) = on £)J . 

We show Theorem 11.31 on the basis of Theorem 14.11 To this end it suffices 
to show (11.81) for u G Pg(Q). The key step in the proof is to identify C^Q. 
Under the condition [SSP], we shall show that C^Q = d m D x [0, oo). In the 
remainder of this section we assume [SSP]. We may and shall assume that 
a = < Aq. 

Lemma 4.2 For any domains U and W with U <e W (e D, there exist 
positive constants C and a such that 

p(x, y, t) < Cf(t)Mx)Mv), % e U, y G D \ W, t > 0, (4.3) 

where f(t) = e _Q//t for < t < 1, and fit) = e~ Xot for t > 1. Furthermore, 

q(x, e, t) < Cf(t)Mx), xeU^e d M D, t > 0, (4.4) 
y) < CM*)My), xeU, yeD\W, (4.5) 

where G is the Green function of L on D. 

This lemma is shown in the same way as Lemmas 4.2 and 4.4 of [34]. 

Let K(x, £) be the Martin kernel for L on D with reference point x° G D, 
i.e., Kix ,^) = 1, £ G OmD- The following lemma gives a relation between 
.fT and g. 
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Lemma 4.3 For any £ e OmD, 

lim g ,V^ = / q(x,£,t)dt, x e D, (4.6) 
ifew-* o (y) Jo 

Jo q{x°,£,t)dt 
This lemma is shown in the same way as Lemma 4.5 of [34] 
Lemma 4.4 Let £, 77 6 d^D, < s, r < 00 and C > 0. If 

q(x,£,t- s) = Cq(x,r),t-r), (x,t) E Q, 
then £ = 77, s = r and C — 1. 

Proof Since £, r) > for r > and £, r) = for r < 0, we obtain 
that s = r. Thus g(x, £, r) = g(x, 77, r). This together with (14.71) implies that 
K( • , £) = • , 7/) on L>. Hence £ = 77, and so C = 1. □ 

Now, let /3 be a measure on Q = D x (0, 00) as described in the beginning 
of this section: df3(x,t) = a(x)b(t)m(x) du(x) dt. The following proposition 
determines the /3-Martin boundary d^Q, /3-Martin compactification Q 13 *, and 
/3-Martin kernel Kg for (dt + L,Q). Recall that p(x, t; y, s) = p(x, y,t — s) 
and Kp(-;y,s) = p( • ; y, s)/ /3 (p( • ;y, s)). We write 

g(x,t;f,s) = q(x,£,t- s) 

for £ e dj[jD and < s < 00. 

Proposition 4.5 (i) The /3-Martin boundary d^ M Q of Q for 9 t + L is equal 
to the disjoint union of D x {0}, 8m D X [0, 00) and the one point set {ro}: 

d^Q = D x {0} U <9 M £> x [0, 00) U {zu}. (4.8) 
In particular, d^Q does not depend on j3. 

(ii) The /5-Martin compactification Q 13 * of Q for + L is homeomorphic to 
the disjoint union of the topological product D* x [0, 00) and the one point 
set {zu}, where a fundamental neighborhood system of zu is given by the 
family {zu} UD'x (N, 00), N > 1. In particular, Q^* does not depend on (3. 
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(iii) The /3-Martin kernel Kp is given as follows: For (x, t) G Q, 

Kp{xAy,ti)= &f y, °l , d/,0)GDx{0}, (4.9) 

K f3 (x,t;t,s) = ^^ty d " Dx t ' 00 )' 

and Kp(x, t; w) = 0. 

This proposition is shown in the same way as Proposition 4.8 of [34]. 

Lemma 4.6 Let (£, s) G (OmD \ d m D) x [0, oo). Then there exists a finite 
Borel measure 7 on 8mD supported by d m D such that 



?(•;£,«)= / q(-;v,s)d 1 (r ] ). (4.11) 

Proof For reader's convenience, we give a sketch of the proof for the case 
s = 0. (For details, see the proof of Lemma 4.10 of [34].) By the elliptic 
Martin representation theorem, there exists a unique finite Borel measure /i 
on 8m D supported by d m D such that 

K(x,0= [ K{x,rj)dLi{ri). 

Jd m D 

This together with (14.71) implies 



q(x,£,t)dt= ( q(x, V ,t)dt)d 1 (r ] ), (4.12) 

Jd m D \Jo J 

where d , y(rj) = [H(x°, £)/H(x°, rj)} dfi(rj) with 

POO 

H(x,rj) = / q{x,r],t)dt. 
Jo 

For a > 0, denote by G a the Green function ofL + aonD. By the resolvent 
equation and [SSP], we then have 



at 



e- at q(x,r],t)dt (4.13) 
q(x, rj, t) dt — a / G a (x, z) I / q{z, rj, t) dt J m(z)dv{z), 



D 



19 



for any 77 G &mD. By combining (14.121) and (14.131) . we get 



oc 



q(x,T],t) d^(rj) J dt = J e a q(x,£,t) dt. 

Thus the Laplace transforms of q(x, £,t) and J d D q(x,7),t) ^7(77) coincide; 
and so (fl~TTj) holds. ' □ 



Lemma 4.7 Let (£, s) G (<9 A ./-D \ <9 m L>) x [0, 00). Then q( ■ ; £, s) is not min- 
imal. 

Proof For reader's convenience, we give a proof. We have (14.111) . Suppose 
that q( ■ ; £, s) is minimal. Then, along the line given in the proof of Lemma 
12.12 of [15], we obtain from (14.111) that the support of 7 consists of a single 
point. Thus, for some 77 G d m D and constant C 

?(•;£>*) = Cq(-;r],s). 
Hence, by Lemma 14.41 £ = 77; which is a contradiction. □ 

Lemma 4.8 Let (£, s) G <9 m .D x (0, 00). Then <7(-;£,s) is minimal if and 
only if q( ■ ; £, 0) is minimal. 

Proof Assume that q( ■ ; £, 0) is minimal. Suppose that a nonnegative so- 
lution m of (11.11) satisfies u( ■ ) < <?(•;£, s) on Q. Put v(x, t) = u(x, t + s). 
Then u ( • ) < q( ■ ; £, 0). Thus v ( ■ ) = Cg( • ; £, 0) for some constant C. Hence 
u(x,t) = Cq(x,t; £, s) for t > s, and u(x,t) = = Cq(x, t; £, s) for t < s. 
This shows that g( • ; £, s) is minimal. Next, assume that s) is minimal. 

Suppose that a nonnegative solution u of (II. ip satisfies u{ • ) < q( ■ ; £, 0) on 
Put t) = t — s) for t > s, and t>(x, t) = for < t < s. 
Then v( • ) < q( ■ ; £, s). Thus t>( • ) = Cg( • ; £, s) for some constant C . Hence 
u(x, t) = Cq(x, t; £, 0). This shows that q( ■ ; £, 0) is minimal. □ 

By Theorem 14.11 and Lemmas 14.71 and 14.81 we have the following proposi- 
tion. 

Proposition 4.9 There exists a Borel subset R of OmD such that 

Rcd rn D, £? m Q = Rx [0,oo), 
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for any u G Pp(Q) there exists a unique Borel measure A on 8m D x [0, oo) 
which is supported by R x [0, oo) and satisfies 



u(x,t)= q(x,Z,t-s)d\(£,s) (x,t)eQ. (4.14) 

Jrx[0,oo) 

Lemma 4.10 Let (£, s) G d m D x [0, oo). Then q{ ■ ; £, s) is minimal. 
Proof Suppose that g( • ; £, 0) is not minimal. Then £ ^ i? and 

q(x,£,t)= q(x,r],t- s)d\(r],s) 

JRx[0,oo) 

for some Borel measure A. We have 

pco poo 

K{x,£) / q{x°,Z,t)dt= / q(x,£,t)dt 
Jo Jo 

POO 

d\(r], s)K(x,T)) / q(x°,r],t) dt. 
fix [0,oo ) </o 

Thus 

K(x,0= / K(x, V )dA( V ) 



for some Borel measure A. But £ G d m D\R and i? C <9 m -D. This contradicts 
the uniqueness of a representing measure in the elliptic Martin representation 
theorem. Hence q{ • ; £, 0) is minimal; which together with Lemma [4.81 shows 
Lemma 14.101 □ 

Completion of the proof of Theorem 11.31 in the case / = (0, oo) By 
Lemma 14.101 R — dmD and 

CiQ = d m Dx [0,oo). 

Thus Proposition 14.91 shows Theorem 11.31 □ 



5 Proof of Theorem 11.3b the case < T < oo 

In this section we prove Theorem 11.31 in the case < T < oo by making use 
of the results in Section 4. To this end, the following proposition plays a 
crucial role. 
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Proposition 5.1 Let £ G OmD and < s < r < oo. Then 

P{x,y,t - r)q(y,r;£,s)dfi(y) = q(x,t;£,s), xeD,t>r, (5.1) 

Jd 

where d/j,(y) = m(y) du(y) 

Proof We first show (15.11) for £ G d m D. Define u(x, t) by 

u(x, t) = q(x, t] £, s), < t < r, 

u{x,t)= I p(x,y,t -r)q(y,r]Z,s)dfJL{y), r<t<oo. (5.2) 



D 



(We call u the minimal extension of q from t = r.) Then we see that u is a 
nonnegative solution of (d t +L)u = in D x (0, oo) such that u{ • ) < q( ■ ; £, s) 
on D x (0, oo). By Lemma |4.1U[ w( • ) = Cq( ■ ; £, s) for some constant C. But 
u(x, t) = q(x, t; £, s) for < t < r. Thus C — 1, and so «( - ) = g( • ; £, s). 

Next, let £ ^ <9 m -D. By Lemma [4.61 there exists a finite Borel measure 7 
on 8m D supported by d m D such that 

?( = / q{-;v, s ) dr r( , n)- ( 5 - 3 ) 



Thus 



2/, t - r)g(y, r; f , s)dfi(y) 

D 

dliv) / P(x,y,t-r)q(y,r;r],s)dfx(y) 

d m D JD 



q(x,t;rj,s) efryfa) 
=q(x,t;£,s). 

This proves (15.11) . □ 

Lemma 5.2 Let f , r] G d^D, < s, r < T and C > 0. If 

g(x, C, t - s) = Cq(x, r),t-r), x E D, <t <T, (5.4) 
then £ = 77, s = r and C = 1. 
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Proof Choose u such that max(r, s) < u < T, and construct minimal 
extensions of both sides of f!5.4p from t = u. Then, by (15. II) we have 

q(x, £, £ — s) = Cq(x, rj,t — r), x G D, < t < oo. 

By Lemma [4.41 this implies that £ = rj, s = r and C — 1. □ 

Now, let (3 be a measure on Q = D x (0, T) defined by 

dp(x,t) = a(x)b(t)m(x) du(x)dt. 

Here a(x) is a nonnegative continuous function on D as described in the 
beginning of Section 4, and b(t) is a nonnegative continuous function on R 
such that > on (T/2,T) and 6(t) = on R \ (T/2,T). Let ■ ; S), 
9mQ, d^Q, and Q' 3 * be the /3-Martin kernel, /3-Martin boundary, minimal 
/3-Martin boundary, and /3-Martin compactification for (Q, d t + with 
Q = D x (0,T), respectively. The following proposition is an analogue of 
Proposition I4.5[ an d is shown in the same way. 

Proposition 5.3 (i) The /3-Martin boundary d^ M Q of Q for d t + L is equal 
to the disjoint union of D x {0}, d^D x [0,T) and the one point set {vj}: 

d^Q = D x {0} U <9 M £> x [0, T) U {ro}. (5.5) 
In particular, d^Q does not depend on (3. 

(ii) The /5-Martin compactification Q^* of Q for d t + L is homeomorphic to 
the disjoint union of the topological product D* x [0, T) and the one point set 
{w}, where a fundamental neighborhood system of w is given by the family 
{zu} U D* x (T - e, T), < £ < T/2. In particular, Q^* does not depend on 
P- 

(iii) The /3-Martin kernel if^ is given as follows: For (x, t) G Q, 



Kp(x,t;y,0)= ^ X ; t;y > ^. , (y, 0) G £> x {0}, (5.6) 
Jr /a (x,t;g, a )= g(a ; t; ^ 8) (^)e^x[0,T), (5.7) 



and Kp(x, t; w) = 0. 
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Lemma 5.4 Let (£, s) G (d M D \ d m D) x [0, T). Then q( • ; £, s) is not mini- 
mal. 

Proof Suppose that g( • ; £, s) is minimal. Then we obtain from (15.31) that 

q(x, £,t — s) = Cq(x, rj,t — s), x G D, < t < T, 
for some rj G d m D and C > 0. By Lemma [5.21 this is a contradiction. □ 

Lemma 5.5 Let (£, s) G <9 m -D x [0, T). Then g( • ; £, s) is minimal. 

Proof Let m be a nonnegative solution of (d t + L)u = in Q such that 
u( •) — <?(' ; £> s) in Q. For r G (s, T), let w r be the minimal extension of u 
from t = r. By Proposition 15.11 

u r (x, t) < q(x, t;£,s), x G D, t > 0. 

By Lemma 14.101 there exists a constant C r such that u r (x, t) = C r q(x, t; £, s) 
for t > 0. But u r (x,t) = u(x,t) for < t < r. Thus C r is independent of r; 
and so u( ■ ) = Cg( • ; £, s) in Q for some constant C . □ 

Completion of the proof of Theorem 11.31 in the case < T < oo 
Put 

CLQ = €Q \ (D x {0} U {w}) . 
By Proposition 15.31 Lemmas 15.41 and 15.51 we get 

CiQ = d m Dx[0,T). 

Thus, Theorem 2.1 of [34] which is an analogue of Theorem 14.11 completes 
the proof. □ 



6 Integral representations; the case I = (—00, 0) 

In this section we prove Theorem 11.41 We begin with the following proposi- 
tion, which can be shown in the same way as in the proof of Theorem 1 of [9] 
(see also [39]). 
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Proposition 6.1 Assume [SIU]. Then 

lim ' ' = 1 uniformly in (x,y) G K x D (6-1) 

t^oo (po(x)(po{y) 

for any compact subset K of D. 

In the rest of this section we assume [SSP]. We may and shall assume 
that a = < Xq. By Theorem ll.il we have the following corollary of Propo- 
sition 16.11 

Corollary 6.2 Assume [SSP]. Then, for any compact subset K of D and 
N>1, 

lim P<yX l V,t ~ ^ = e - Ao *0o(x) uniformly in (x,y,t) e K x D x (-N, 0). 

s^-oo e A ° s (po{y) 

Lemma 6.3 The solution e~ Xot 4>o(x) is minimal. 

Proof Suppose that e~ Xat <f)o(x) is not minimal. Then, in view of Corol- 
lary I6.2[ the same argument as in the proof of Theorem 11.31 shows that for 
any nonnegative solution u of the equation 

{d t + L)u = in Q = L>x(-oo,0) 

there exists a unique Borel measure A on 3m D x (— oo, 0) supported by the 
set d m D x (— oo, 0) such that 

u(x,t)= q(x,£,t- s)dX(£,s), (x,t)eQ. 

JdMDx(-oa,t) 



Thus 



e- A "Vo(x)=/ q{x,t,t-s)d\{t,s), (x,t)EQ, (6.2) 

J d M Dx(-oo,t) 

for such a measure A. Now, fix x. It follows from Theorems II. II and 11.21 that 
for any 6 > there exists a positive constant C$ such that 

Cs- 1 < q tr^ T ( \ < Cs, t>5,£e d M D. (6.3) 
e A ° T (p Q {x) 
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By <m, 

q(x,£,T) < Ce~ a ' T <p (x), £ G d M D, < r < 1, (6.4) 
for some positive constants a and C. By (16.21) and (16. 3p . 

e Ao 0o(x) > / C^e-^-^dXfas). 

Jd M Dx (-oo,-2) 

Thus 

e A ° s c/A(£,s) < C 1( j)o(x). (6.5) 



>d M Dx (-oo,-2) 

For t < —2 and < 5 < 1, we have 

<j) (x)= [ e Ao( *- s) g(x,£,t- s)e Aos dA(£,s). (6.6) 

./dMDx{(-oo,i-<5]U(t-(M)} 

In view of (16. 4p and (16. 5p . we choose S so small that the integral on 8m D x 
(t — 8, t) of the right hand side of (16.61) is smaller than (po(x)/3. Then, in view 
of (I6.3p and (16.51) . we choose t < — 2 with \t\ being so large that the integral 
on djifD x (—00, t — 5] of the right hand side of (16.61) is smaller than (p (x)/3. 
This is a contradiction. □ 

Completion of the proof of Theorem 11.41 By virtue of Corollary 16.21 
and Lemma I6.3[ the same argument as in the proof of Theorem 11.31 shows 
Theorem 11.41 □ 



7 Examples 

In this section we give two examples in order to illustrate a scope of Theo- 
rem 11.31 Throughout this section L is a uniformly elliptic operator on R" 
of the form 

n 

L u = -/] 9j ( aij(x) dju ) , 

where a(x) = [dij(x) ]",- =1 is a symmetric matrix- valued measurable function 
on R" satisfying, for some A > 0, 

n 

A- 1 1^ 2 < J2 ">M ] Uj < Aiei 2 , x,£ e R". 
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7.1. Let V(x) be a measurable function in L^ c (R n ), and L = L + V(x) 
on D = R n . 

Theorem 7.1 Suppose that there exist a positive constant c < 1 and a 
positive continuous increasing function p on [0, oo) such that 

c[p(M)] 2 < < [p(\x\)]\ x e R n , (7.1) 

Assume that 

■°° dr 

< oo. 7.3 

Then 1 is a small perturbation of L on R n . Thus Theorem 11.31 holds true. 
Remark. Compare this theorem with a non- uniqueness theorem of [26]. 
Proof We first note that (Q yields 

^ r) < v | r _^ + _^_£_jj </>(r-^), r>^ y 

since p is increasing. We show the theorem by using the same approach as 
in the proof of Theorem 5.1 of [31]. Put b = c~ 2 and 

£ = mf{j G Z;p(0) < V}. 

For k > £, put = sup{r > 0; p(r) < b k }. By the continuity of p and 
£LD, p(rfc) = b k and lim^^rfe = oo. By ([TjZD, 

p(r fc + cr fc ) < c- l p{r k ) = b x l% k < b k+1 = p(r k+1 ). 

Thus r k + cb~ k < rfc + i for k > £. Define a positive continuously differentiabe 
increasing function p on [0, oo) as follows: Put p(r) = b e for r < r£, 

p(r) = b k+1 for r fc + cb" k <r< r k+1 (k > £); 

and p(r) = p k (r) for < r < r k + c&~ fe (A; > £) by choosing a continuously 
differentiabe function p k on [rfc,rfc + cb~ k ] such that 

Pfc(r fc ) = b k , p k '{r k ) = 0, p k (r k + cb~ k ) = b k+ \ p k \r k + cb~ k ) = 0, 
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and 

< p fc '(r) < B b 2k , r k <r<r k + d)-\ 
for some constant B > independent of k. Then we have 

C- 1 < 44 < C, < p'(r) < Cp(r) 2 , r > 0, (7.4) 
p(r) 

for some positive constant C. Introduce a Riemannian metric g = (<7ij)i 3 -=i 
by <7y = p(|a;|) 2 5jj. Then M = R™ with this metric g becomes a complete 
Riemannian manifold . Furthermore, by (17. 2p and (17.41) . M has the bounded 
geometry property (1.1) of [4]. The associated gradient V and divergence 
div are written as 

V = p{\x\)~ 2 V°, div = p{\x\)- n o div o p(\x\) n , 

where V° and div are the standard gradient and divergence on R n . Put 

L = p(|x|)~ 2 L, 
m(x)=p(\x\) 2 - n , A(x) = [a^x)}l J=1 , 7 (x) = p(\x\)- 2 V{x). 

Then 

Cu = div ( mAVu ) + 7 

m 



-div(AVu) -(— AV°m, Vm)° + 7, 
m 



where (-, •) is the standard inner product on R n . Since the inner product 
(-, •) associated with the metric g is written as 

(X,Y) = (p 2 X,Y)°, 

we have 

Cu = -div (AVu ) -(p~ 2 , Vu) + 7. (7.5) 

x m 

By <m, 

|V°m(x)| < C 3 \n - 2| p(\x\)m(x). 

From this we have 

<P ,P > < P A 2 C 3 n-2 p 

m m 

< {A(C 3 \n-2\)} 2 . 
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By (HI]) and (J73D, 

cC- 2 < 7 (x) < C 2 . 

Thus the operator C — cC~ 2 /2 has the Green function; and C belongs to the 
class T> M (9, oo, e) introduced by Ancona [4], where 

9 = max (A, A(C 3 \n - 2|), C 2 ) , e = c£T 2 /2. 

Put 

£ 2 = p(|*ir 2 (L + l) = £ + p(|*|)- 2 . 

In order to apply the results of [4], we proceed to estimate p(\x\)~ 2 . Let d(x) 
be the Riemannian distance dist(0, x) from the origin to x, and put 

pr 

i/j(r) = / p(s) ds. 



Then we see that d(x) = ip(\x\). Denote by ip 1 the inverse function of i/j, 
and put 

$(s)=[p^-\s))}- 2 , s>0. 

Then 

<p(\x\y 2 = $(d(x)) , xeM. 

Furthermore, 



oo 



$(s) ds = / §(tp(r))p(r)dr 



< (7 / — - dr < oo. 



P{r) Jo P{r 

Hence, by virtue of Corollary 6.1, Theorems 1 and 2 of [4], p(|a;|) -2 is a small 
perturbation of C on the manifold M. That is, for any s > there exists a 
compact subset K of D = M such that 

/ H(x, z)p(\z\)- 2 H(z, y) p{\z\) n dz < eH(x, y), x,yeD\K, 
Jd\k 

where dz is the Lebesgue measure on R", and H(x, z) is the Green function of 
£onD with respect to the measure p(\z\) n dz. Denote by G(x, z) the Green 
function of L on D with respect to the measure dz. Since C = p(\x\)~ 2 L, we 
have 

H(x,z) = G(x,z)p(\z\) 2 - n 
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Thus 

/ G(x, z)p{\A) {2 - n) - 2 G(z, y) p{\y\Y~ n K\A) n dz < eG(x, y)p{\y\?~ n 

J D\K 

for any x,y G D \ K . Hence 1 is a small perturbation of L on R". □ 

Remark. A sufficient condition for (17.21) is the following: p is a positive 
differentiable function on [0, oo) satisfying 

< p'(r)p(r)- 2 <C, r > 0, (7.6) 

for some positive constant C. Indeed, from (17.61) we have 

X(5) =p(^r + -^j p{r)- 1 < exp[C6X(6)], r > 0, 5 > 0. 

Put 5 = (2Ce) _1 , and let 7 e (1, e) be the solution of the equation 

exp[X/2e] = X. 

Then we get 1 < X{8) < 7. Thus (OJ holds with c = mm(5, 1/7). 

The condition (17. 3p is sharp, since Theorem 6.2 of [17] yields the following 
uniqueness theorem. 

Theorem 7.2 Suppose that there exists a positive continuous increasing 
function p on [0, 00) such that 

\V(x)\<p(\x\) 2 , x G R n . (7.7) 

Assume that 

<h ' 00. (7.8) 



'1 p(r) 

Then [UP] holds. Thus Fact AT holds true. 

7.2. Throughout this subsection we assume that D is a bounded domain 
of R n . Let L be an elliptic operator on D of the form 

L = — — L , 



w(x) 

where w is a positive measurable function on D such that w, w~ l G L^ C (D). 
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Theorem 7.3 Let D be a Lipschitz domain. Suppose that there exists a 
positive function if) on (0, oo) such that s 2 if)(s) is increasing and 

w(x) < if)(S D (x)), xeD, (7.9) 

where 5d{x) = dist (x,dD). Assume that 

i 

sip(s)ds < oo. (7.10) 

Then 1 is a small perturbation of L on D. Thus Theorem 11.31 holds true. 

Remark, (i) The first assertion of this theorem is implicitly shown in [17] 
(see Theorem 7.11 and Remark 7.12 (ii) there). 

(ii) The Lipschitz regularity of the domain D is assumed only for the 
Hardy inequality to hold for any function in C^°(D). Thus, for this theorem 
to hold, it suffices to assume (for example) that D is uniformly A-regular 
John domain or a simply connected domain of R 2 (see [3], [4]). 

Proof of Theorem 17.31 For x E D, put 

8 D (x) 



Then 



Thus 



D x = < y G D; \x - y\ < 



1 3 

-5 D (x) < 5 D (y) < -6 D (x), y E D a 



5 D (xYw(y) < AS D (yYiP(S D (y)) 

Put ^(s) = 9s 2 ij) ((3/2) s ). Then *&(s) is increasing, and satisfies 

5 D (x) 2 ( sup w(y) \ < * (S D (x) ) , / ^-^-ds < oo. 
\y&D x J Jo s 

Hence, by virtue of Proposition 9.2, Theorem 9.1' and Corollary 6.1 of [4], w 
is a small perturbation of L on D. This implies that 1 is a small perturbation 
of L on D. □ 

The condition ( 17.101) is sharp, since Theorem 7.8 and Lemma 7.6 of [17] 
yield the following uniqueness theorem. 
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Theorem 7.4 Suppose that there exists a positive continuous increasing 
function ip on (0, oo) such that 



ap ( 5 D (x) ) < w(x) < ip ( S D (x) ) , x E D 
for some positive constant c, and 

ib ( 7] s ) , 1 

^(s) 2 

for some positive constant v. Assume 



ip(s) inf r tp(r) 

s<r<l 



ds = OO. 



(7.11) 



(7.12) 



(7.13) 



Then [UP] holds. Thus Fact AT holds true. 



References 

[1] H. Aikawa, Norm estimate of Green operator, perturbation of Green 
function and integrability of superharmonic functions, Math. Ann. 312 
(1998), 289-318. 

[2] H. Aikawa and M. Murata, Generalized Cranston-McConnell inequalities 
and Martin boundaries of unbounded domains, J. Analyse Math. 69 
(1996), 137-152. 

[3] A. Ancona, On strong barriers and an inequality of Hardy for domains 
in R N , J. London Math. Soc. 34 (1986), 274-290. 

[4] A. Ancona, First eigenvalues and comparison of Green's functions for 
elliptic operators on manifolds or domains, J. Analyse Math. 72 (1997), 
45-92. 

[5] A. Ancona and J. C. Taylor, Some remarks on Widder's theorem 
and uniqueness of isolated singularities for parabolic equations, in Par- 
tial Differential Equations with Minimal Smoothness and Applications, 
(Dahlberg et al., eds.) Springer, New York, 1992, 15-23. 

[6] D. G. Aronson, Non-negative solutions of linear parabolic equations, 
Ann. Sci. Norm. Sup. Pisa 22 (1968), 607-694. 



32 



R. Banuelos, Intrinsic ultracontractivity and eigenfunction estimates for 
Schrddinger operators, J. Funct. Anal. 100 (1991), 181-206. 

R. Banuelos, Lifetime of conditioned Brownian motion and related es- 
timates for heat kernels, eigenfunctions and eigenvalues in Euclidean 
domains, MSRI Lectures, 1998 (http:/ / www.msri.org/~lectures ). 



R. Banuelos and B. Davis, Heat kernel, eigenfunctions, and conditioned 
Brownian motion in planar domains, J. Funct. Anal. 84 (1989), 188-200. 

R. Banuelos and B. Davis, A geometric characterization of intrinsic 
ultracontractivity for planar domains with boundaries given by the graphs 
of functions, Indiana Univ. Math. J. 41 (1992), 885-913. 

R. F. Bass and K. Burdzy, Lifetimes of conditioned diffusions, Probab. 
Theory Relat. Fields, 91 (1992), 405-443. 

E. B. Davies, Heat Kernels and Spectral Theory, Cambridge Univ. Press, 
Cambridge, 1989. 

E. B. Davies and B. Simon, Ultracontractivity and the heat kernel for 
Schrddinger operators and the Dirichlet Laplacians, J. Funct. Anal. 59 
(1984), 335-395. 

A. Grigor'yan and W. Hansen, A Liouville property for Schrddinger 
operators, Math. Ann. 312 (1998), 659-716. 

L. L. Helms, Introduction to Potential Theory, Wiley and Sons, New 
York, 1969. 

K. Ishige, On the behavior of the solutions of degenerate parabolic equa- 
tions, Nagoya Math. J. 155 (1999), 1-26. 

K. Ishige and M. Murata, Uniqueness of nonnegative solutions of the 
Cauchy problem for parabolic equations on manifolds or domains, Ann. 
Scuola Norm. Sup. Pisa, 30 (2001), 171-223. 

K. Janssen, Martin boundary and H p -theory of harmonic spaces, in Sem- 
inar on Potential Theory II, Lecture Notes in Math. Vol. 226, Springer, 
Berlin, 1971, 102-151. 



33 



[19] A. Koranyi and J. C. Taylor, Minimal solutions of the heat equation 
and uniqueness of the positive Cauchy problem on homogeneous spaces, 
Proc. Amer. Math. Soc. 94 (1985), 273-278. 

[20] V. Lin and Y. Pinchover, Manifolds with group actions and elliptic op- 
erators Memoirs Amer. Math. Soc. Vol. 112, Issue 540, 1994. 

[21] F.-Y. Maeda, Martin boundary of a harmonic space with adjoint struc- 
ture and its applications, Hiroshima Math. J. 21 (1991), 163-186. 

[22] B. Mair and J. C. Taylor, Integral representation of positive solutions of 
the heat equation, in Lecture Notes in Math. Vol. 1096, Springer, Berlin, 
1984, 419-433. 

[23] P. J. Mendez-Hernandez, Toward a geometrical characterization of in- 
trinsic ultracontractivity of the Dirichlet Laplacian, Michigan Math. J. 
47 (2000), 79-99. 

[24] P. J. Mendez-Hernandez and K. Wong, Intrinsic ultracontractivity for 
Schrdndinger operators with mixed boundary conditions, Potential Anal. 
24 (2006), no. 4, 333-355. 

[25] M. Murata, Uniform restricted parabolic Harnack inequality, separation 
principle, and ultracontractivity for parabolic equations, in Functional 
Analysis and Related Topics, 1991, Lecture Notes in Math. Vol. 1540, 
Springer, Berlin, 1993, 277-288. 

[26] M. Murata, Sufficient condition for non-uniqueness of the positive 
Cauchy problem for parabolic equations, in Spectral and Scattering The- 
ory and Applications, Advanced Studies in Pure Math., Vol. 23, Ki- 
nokuniya, Tokyo, 1994, 275-282. 

[27] M. Murata, Uniqueness and non-uniqueness of the positive Cauchy prob- 
lem for the heat equation on Riemannian manifolds, Proc. Amer. Math. 
Soc. 123 (1995), 1923-1932. 

[28] M. Murata, Non-uniqueness of the positive Cauchy problem for parabolic 
equations, J. Diff. Eq. 123 (1995), 343-387. 

[29] M. Murata, Non-uniqueness of the positive Dirichlet problem for 
parabolic equations in cylinders, J. Func. Anal. 135 (1996), 456-487. 



34 



[30] M. Murata, Semismall perturbations in the Martin theory for elliptic 
equations, Israel J. Math. 102 (1997), 29-60. 

[31] M. Murata, Martin boundaries of elliptic skew products, semismall per- 
turbations, and fundamental solutions of parabolic equations, J. Funct. 
Anal. 194 (2002), 53-141. 

[32] M. Murata, Heat escape, Math. Ann. 327 (2003), 203-226. 

[33] M. Murata, Uniqueness theorems for parabolic equations and Martin 
boundaries for elliptic equations in skew product form, J. Math. Soc. 
Japan, 57 (2005), 387-413. 

[34] M. Murata, Integral representations of nonnegative solutions for 
parabolic equations and elliptic Martin boundaries, J. Funct. Anal. 245 
(2007), 177-212. 

[35] R. Phelps, Lectures on Choquet's Theorem, Van Nostrand, New York, 
1966. 

[36] Y. Pinchover, Representation theorems for positive solutions of parabolic 
equations, Proc. Amer. Math. Soc. 104 (1988), 507-515. 

[37] Y. Pinchover, Criticality and ground states for second-order elliptic equa- 
tions, J. Diff. Eq. 80 (1989), 237-250. 

[38] Y. Pinchover, Maximum and anti-maximum principles and eigenfunc- 
tions estimates via perturbation theory of positive solutions of elliptic 
equations, Math. Ann. 314 (1999), 555-590. 

[39] Y. Pinchover, Large time behavior of the heat kernel, J. Funct. Anal. 
206 (2004), 191-209. 

[40] R. G. Pinsky, Positive Harmonic Functions and Diffusion, Cambridge 
Univ. Press, Cambridge, 1995. 

[41] R. Smits, Necessary and sufficient conditions for finiteness of lifetimes, 
Potential Theory 5 (1996), 513-521. 

[42] M. Tomisaki, Intrinsic ultracontractivity and small perturbation for one 
dimensional generalized diffusion operators, J. Funct. Anal. 251 (2007), 
289-324. 



35 



